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ABSTRACT 

f i e  elementary problem considered was: Given earth-fimd space 
directions from -two nm-intervis ible  ground stations A and B t o  two elevated 
points 1 and 2, f ind the direction AB. Since more than two elevated points 
were t o  be used i n  the practice, a p r e l i n t i n q  adjustment for each side 
AB was carried out. 
quantities Sm and tm, which were obtained, can be used as f i c t i v e  
observations, i n  the main adjustmnt  of  a network of several stations.  

A s  the resu l t  of t h i s  adjustment, the two correlated 

If there are N stations, the main adjustment contains 3 1  parameters. 
‘Of these, four cannot be determined by triangulation. 
worthwhile, however, t o  include i n  the main adjustment such observations 
as sate l l i t e  distances, ground triangulations, levelings, and astronomical 
coordinates (with gravimetric deflections of tho ver t ica l ) .  I t  i s  suggested, 
therefore, tha t  four other conditions be used, i n  order t o  keep the gravity 
center of a l l  stations and the mean scale of the approximate coordinates 
f ixed.  In t h i s  way, the overall accuracy obtainable by the adjustment of 
the network can be estimated. 

I t  hardly seems 
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1. The Fundamental Problem 

W e  s tar t  from t h e  well-known elementary problem of i n t e r s e c t i o n  on 

a p l a n e  ( see  Fig.  1): 

Given the  coord ina tes  x, y f o r  the corner  po in t s  AI, A2, B 1 ,  and B2 

of a q u a d r i l a t e r a l ,  

Wanted the coord ina tes  f o r  t h e  i n t e r s e c t i o n  p o i n t  Q of t he  diagonals  

A 1  - B 1  and A2 - B 2 .  

The s o l u t i o n  can be obtained by t he  fol lowing sequence o f  formulas: 

N = L  M - L  M 1 2  2 1  

Suppose now t h a t  A and B are two observat ion s t a t i o n s  between which 

the re  i s  a f o r e s t  o r  a h i l l  which makes a d i r e c t  s i g h t i n g  from A t o  B 

impossible.  Furthermore, suppose t h a t ,  on the  top  of t h e  obs tac le ,  t h e r e  

are two f i x e d  t a r g e t  po in t s ,  1 and 2, which can be  i d e n t i f i e d  and s i g h t e d  

both from A and from B. 

L e t  a and b denote t h e  h o r i z o n t a l  and ver t ical  bear ings ,  r e spec t ive ly ,  

observed a t  the  ground s t a t i o n s  toward the  e l eva ted  t a r g e t s .  Assume t h a t  

t h e  d i s t ance  AB is so s h o r t  t h a t  the  curva ture  of t h e  e a r t h  can be 

neglec ted  and t h a t  the  h o r i z o n t a l  bear ings ,  observed by a compass, are 

-3- 



-4- 

A3 

Fig. 1. Intersection of diagonals of a quadrilateral on the 
celestial sphere gives the earth-fixed space direc- 
t ion  between two s tat ions  A and B at which two 
satel l i te  posit ions 1 and 2 have been observed. 



r e f e r r e d  t o  t h e  same v e r t i c a l  ze ro  plane.  It is adv i sab le  t o  select a 

z e r o  p lane  which i s  c l o s e  t o  d i r e c t i o n  AB. 

Assume t h a t ,  i n  t h e  i n f i n i t y  behind s t a t i o n  B, t h e r e  i s  a v e r t i c a l  

Then t h e  bear ings  from A t o  1 screen perpendicular  t o  t h i s  ze ro  plane.  

and 2 g ive  two p o i n t s  A 1  and A2 on t h e  screen.  

and 2 are taken i n  reverse, r ep lac ing  a by 180" + a and b by -b. 

more p o i n t s ,  B 1  and B2, are obta ined  on t h e  screen.  The geometric s o l u t i o n  

of t h e  fundamental problem now gives  poin t  Q, o r  the  bea r ing  from A t o  B. 

The bea r ings  from B t o  1 
Then two 

For t h e  numerical  computations, w e  must cons ider  t h e  s c r e e n  as a 

gnomonic p r o j e c t i o n  of t h e  celestial  sphere t o  t h e  tangent  p lane  a t  z e r o  

poin t :  

x = t a n a  

S u b s t i t u t i n g  t h e s e  coord ina tes  i n t o  (11, formulas ( 2 )  give  x , y and the  

reverse s o l u t i o n  of (3)  gives a and b 
9 9  

9' Q 

2. The E q u a t o r i a l  Coordinates 

I n  t h e  s a t e l l i t e  t r a i n g u l a t i o n ,  t h e  h o r i z o n t a l  coord ina tes  a and 

b are replaced by e q u a t o r i a l  coord ina tes  cx and 6. However, t h e  ze ro  plane 

of cx is  revolv ing  wi th  r e spec t  t o  t h e  ground s t a t i o n s .  Therefore ,  w e  

in t roduce  t h e  Greenwich hour  angles  

t = e -  c1 ( 4 )  

where f3 is  t h e  Greenwich s i d e r e a l  t i m e  of t h e  observat ion.  

Because t h e  satellites are moving t a r g e t s ,  t h e  observa t ions  a t  both 
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ground s t a t i o n s  must be  made s imultaneously.  

photographing f l a s h i n g  satellites aga ins t  t h e  background of s ta rs - -or  

chopping t h e  t r a i l  of  t h e  sa tel l i te  by synchronized s h u t t e r s  a t  both 

s t a t i o n s  * 

This  can be accomplished by 

Without going i n t o  t h e  t e c h n i c a l  d e t a i l s  of t h e  measurements and t h e i r  

r educ t ions ,  w e  suppose h e r e  t h a t  the  p o s i t i o n s  t 

i a t  each s t a t i o n  A, co r rec t ed  f o r  t h e  r e f r a c t i o n  and o t h e r  d i s t u r b i n g  

e f f e c t s ,  are a l ready  a v a i l a b l e .  

should  b e  r e a d i l y  es t imated .  

and BAi o f  each event  A i  

I n  t h e  s a m e  way t h e  mean e r r o r s  m and m6 

Wri t ing t i n s t e a d  of a and 6 i n s t e a d  of b ,  w e  may use  formulas (3) 

and (1) - (2)  f o r  t h e  c a l c u l a t i o n  of t and 6 which i n d i c a t e  t h e  e a r t h -  

f i x e d  space  d i r e c t i o n  from A t o  B. However, t h e  fo l lowing  sequence of 

formulas i s  more convenient f o r  t h e  p r a c t i c a l  computations: 

t 

Q Q' 

For i = 1 and i = 2,  compute 

A i  hi  = tan 6Ai cos t - t a n  tiBi cos t B i  (5) 

Our numerical  example has  been taken f rom Veraf fen t l ichung des Geod. 

I n s t .  Potsdam, N r .  29, (1965) r e f e r r i n g  observa t ions  of Echo I i n  Potsdam and 

Bucharest .  The r educ t ion  t o  t h e  c e n t e r  of t h e  ba l loon  has  been computed 

again f o r  each observa t ion ,  i n s t e a d  of t h e  mean of each series, and t h e  

r e s u l t s  d i f f e r  s l i g h t l y  from those  publ ished by Arnold and Schoeps (1965). 

S imi l a r ly ,  t h e  weights  of observa t ions  f o r  our  adjustment do n o t  agree  

wi th  those  used i n  Potsdam. 

Observations : Ap B11 A2 B2 

t -27"16'14!'70 + 5"35'53?50 -58" 40 'OOY28 -39 "05 ' 57!'90 

6 +13" 2 7 ' 18;' 76 4-3 4 " 3 1 ' 111'45 +2 4 O 5 1 ' 40!'66 +5 7 " 16 ' 22!'22 

t a n  6 0.23925217 0.68779110 0.46336373 1.55603704 
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s in  t 

cos t 

i 

K 

A 

1-I 

c o t  t 

t 

s in  t 

tan 6 

6 

Q 
Q 
Q 
Q 
Q 

- .45819587 

+ .88885125 

1 

-0.33848245 

-0,37323293 

+O .542 7 1928 

-0.26479004 

-75 "10 '08'!45 

-0,96668510 

+ .09755152 - .85415716 - ,63066790 

+ .99523048 4- ,52001495 + .77605283 

2 1x2 

-1.03687155 +0.11898805 = v 

-0.44956779 -0.44936755 

+0.33491434 -0.23482380 

-0.505 15590 

-26'48'03!'21 

For the adjustment (see pages 1 4  and 1 5 > ,  t h e s e  approximate va lues  

have been rounded off t o  

6 = -26"48'00" 
Q t -75°10'101' and Q 

I n  Arnold and Schoeps (1965), t h e r e  are 18 sa te l l i t e  p o s i t i o n s  (numbered 

1 - 18) which have been observed s imul taneous ly  a t  Potsdam and a t  Bucharest  

a g a i n s t  t h e  background of stars. From t h e s e  double obse rva t ions ,  numbers 1 

and 12  have been used f o r  t h e  approximate computation b e f o r e  t h e  adjustment 

of a l l  18 even t s .  

3. The Pre l iminary  Adjustments 

I n  t h e  p r a c t i c e ,  more than  two even t s  are observed f o r  t h e  de te rmina t ion  

of t h e  d i r e c t i o n  of each s i d e  AB. These obse rva t ions  u s u a l l y  are independent 

of t hose  of o t h e r  s i d e s ,  e.g., AC o r  BC. W e  omit h e r e  t h e  s l i g h t  c o r r e l a t i o n  

between s i d e s  AB, AC, and BC which occur s  i f  some even t s  are observed 

simultaneously a t  t h r e e  s t a t i o n s  A, B,  C. 

For each s i d e ,  w e  perform a p re l imina ry  adjustment.  Before t h i s  

adjustment,  w e  need t h e  f i r s t  approximate va lues  t 6 which can be  

computed from two s e l e c t e d  even t s  as expla ined  above o r  from approximate 
Q' Q 
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For t h e  e s t ima t ion  of t h e  w e i g h t s  pi, w e  suppose t h a t  t h e  man e r r o r  of 

one measured-event p o s i t i o n  i s  independent of t h e  d i r e c t i o n :  

m A i  = m(GAi) = m(tAi) COS 6 A i  

but  may be v a r i a b l e  from one photograph t o  another .  The var iance  of 1 is 

then 
i 

2 2 2 m s i n  u + mSi s i n  u 2 A i  A i  B i  m, = '1 
I 

AB s inLu 

where u m a n s  t h e  a r c  from Q t o  A i  o r  B i  o r  from A i  t o  B i ,  r e spec t ive ly .  

The computation formulas read 

cos u = sin 6 sin AAi + cos 6 cos I s A i  cos (tAi - tQ)  Q Q I Ai 

2 
i o  The weights pi  are, of course,  i nve r se ly  p ropor t iona l  t o  m 

Figure 2 g ives  a graphica l  t a b l e  of weights p in  the  case where m = A i  

"si- 
The normal equat ions of t h e  adjustment read 

[paa] E + [pabl rl + [ p a l l  = 0 

[pab] 5 + [pbb] rl + [ p b l l  = 0 

Afte r  t h e  s o l u t i o n  of t hese  equat ions ,  we have new approximate values  
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coord ina tes  of s t a t i o n s  A and €3, as w i l l  be  explained i n  t h e  next  s e c t i o n .  

However, the  formulas (5) can be appl ied  t o  a l l  observed even t s  i = 1, 2 ,  

3 ... n. Then formulas 

xi t a n  t = - 1 

K 
i 

i 

I 

i tan 6 = - cos t 
K 

i 
i 

give  t h e  coord ina tes  t 6 .  of t h a t  po in t  on t h e  c e l e s t i a l  sphere  which 

is  at the  po le  of g rea t  c i r c l e  A i  - B i .  The d i s t a n c e  of po in t  t 

from t h i s  g rea t  c i rc le  can be computed by formula 

i’ 1 

Q’ ‘Q 

= p [ s i n  6 s i n  6 + cos 6 cos 6 cos ( t i  - t Q ) ]  li Q i Q i 

where p = 206265 seconds of a r c .  

D i f f e r e n t i a t i o n  of (8) shows t h a t  i f  6 and t are co r rec t ed  by Q Q 
d6 = 5 and d t  = Q / C O S  6 r e s p e c t i v e l y ,  t h e  new d i s t ances  w i l l  be  

* Q  Q Q’ 

v = a  C + b i r l + l i  
i i 

2 where a2 + bi = 1, approximately.  I n  f a c t ,  w e  have i 

( b i  = cos 6 s i n  (ti - tQ) i 

The leas t - squares  s o l u t i o n  i s  based on t h e  condi t ion  

(7) 

t p w ]  = 1, pi v v = minimum 
i i  
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which are en te red  as f i c t i t i o u s  observa t ions  i n t o  the  main adjustment of 

a network. In add i t ion ,  w e  need t h e  weight mat r ix  

pAB - - 2 m 1 { [pabl C p a a 3  ~;I:1 (15) 

where m = 1 i n  i d e a l  cases .  A l t e r n a t i v e l y ,  

can be  determined s e p a r a t e l y  f o r  each s i d e  AB. Here n i s  t h e  number of 

,events i used i n  t h e  prel iminary adjustment.  

The formulas (5) and ( 7 )  t o  (12) g ive  t h e  t r u e  geometric q u a n t i t i e s  

i f  w e  want t o  i l l u s t r a t e  t h e  events  g raph ica l ly  by the  diagonals  mentioned 

i n  t h e  f i r s t  s e c t i o n  ( see  F ig .  3 ) .  Espec ia l ly  

a = cos B 

b -sin B I 
where B is t h e  angle  between t h e  d iagonal  and the  meridian of po in t  Q. 

For t he  programming of t h e  numerical  computations, however, t h e  

fo l lowing  sequence of formulas i s  more convenient:  
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t 

10 

-26'4 

-10 

-20 

1 1 1 

-75 O 10' 20" -75" 10' 1 0" -75" 10'0" 
b 

F i g .  3 .  Error e l l i p s e  of t h e  direct ion Potsdam-Bucharest, as 
computed from 18 s a t e l l i t e  events. 



Q 
(42) = cos 6 

( B l )  = s in  6 

( B 2 )  COS 6 COS (tBi - tY) 

( B 3 )  = cos 6Bi s i n  (tBi - tQ) 

Q 
( Q l )  = s i n  6 

( A l )  = s i n  6 A i  B i  

B i  A i  

A i  

( A 2 )  = COS 6 COS (tAi - tQ) 

(A3)  = cos 6 

( A 4 1  = ( Q l )  (All + (42) (A21 (B4)  = (Q1) ( B 1 )  + (42) ( B 2 )  

s in  (tAi - tQ) 

K (A3)  ( B l )  - ( A l )  ( B 3 )  

M = (A2) ( B 3 )  - (A3)  (B2)  

2 
P =  [rn A i  11 = + mgf (1 - (B4)’) 

L = 206265 { ( Q l ) M  + (Q2)K 1 /P 

B = { ( A l )  ( B 2 )  - (A2) ( B 1 ) I  /P 

N o r m a l  equat ions:  [A2]  5 + [AB] n + [AL] = 0 

[AB] 5 + [ B  ] rl + [BL]  = 0 2 

T h e  t r u e  distances of po in t  Q f r o m  arcs A i  - B i  are 

L 

H e n c e  : AS + Bn + L 

v =  
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Example: m = m = 1 A i  B i  

-75 " 10 ' lO!'OO 

-27"16 '14!'70 
Q t 

t A i  

B i  t 

t - t  

+ 5"35'53!'50 

+4 7 ' 5 3 ' 5 5 "30 
A i  Q 

(QU -0.45087754 

(AI) +0.23268520 

(A2 1 +(I .65204128 

(A3 1 +O. 72159530 

(A4 1 +0.47709027 

K +O .21968928 

M +O -43488900 

P 1.3242 

Ad j us tmen t 

Opera t ion  equations 

i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13  

P 

1.324 

1.324 

1.323 

1.321 

1. 320 

1.206 

1.204 

1.203 

1.203 

1.139 

1.138 

1.287 

1.286 

A 

+O .36 79 

3668 

3656 

3626 

3613 

+O. 3459 

3436 

3427 

3419 

+O. 1959 

19 30 

+O. 1431 

1406 

A 

B 

L 

B 

-0.2558 

- 2582 

- 2606 

- 2666 

- 2690 

-0.2506 

- 2544 

- 2556 

- 2569 

-0.3694 

- 3704 

-0.4260 

- 4259 
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L 

+1!'5 3 

+O .41 

+7.96 

+1,25 

+4.95 

-0.78 

-2.14 
-2.88 

+l. 37 

+l. 80 

+1.03 

+1.05 

-1.81 

-26" 48' OO!'OO 

+13 " 2 7 ' 18 !'76 

+34"31'11:'45 

+80 O 4 6 ' 0 3 '! 5 0 

+0.89258582 

+0.56669168 

+O. 13219026 

+0.81325659 

+O. 13751740 

+0.3679 

-0.2558 

t11'53 

V 

-0l'ZO 

+2.31 

-14.52 

+O .39 

-7.84 

+5.03 

+8.19 

+9.89 

-0.04 

-2.29 

-0.48 

-0.84 

+5.50 



14 1.283 1356 - 4255 +3.02 -5.34 
15 1.282 1332 - 4253 +2.19 -3.51 

16 1.281 1295 - 4249 -0.91 +3 43 
1 7  1.280 1283 - 4247 4-1.12 -1.13 

18 1.279 1271 - 4246 -0.88 +3.37 

Normal equat ions  Solu t ion  

Q 

Q 

1.33915 -1.37000 +5.406 0 5 E= -3'.'704 = d6 

d t  = +0!'364 -1.37005 +2.1419n -5.771 = 0 0 0.325 

2 [L 1 = 132.80 [pvv] = 110.90 

Weight c o e f f i c i e n t s  m2 = 6.931 m = - + 2!'63 

= -26O48'03!'70 + 3'!87 

= -75°10'09'!64 f. 3'!43 

&AB 

tAB 

2.1608 +1.3821 

+l. 3821 1.3509 

E r r o r  e l l i p s e  

Semiaxis 4!'71 d i r e c t i o n  37" 

1.48 1 2  7 

4. Adjustment of a Network 

For  each s t a t i o n  of t h e  network, w e  need t o  c a l c u l a t e  good approxi- 

m a t e  coord ina tes  des igna ted  as 4 ,  A ,  H.  Using any r e f e r e n c e  e l l i p s o i d  

wi th  semiaxes a, b and denot ing 

2 a2 - b 

2 a 
e2 = 

w e  compute t h e  C a r t e s i a n  coord ina tes  

-15- 



x = (N + H) cos $ cos X 

y = (N + H) cos 4 s i n  X 

z =  ( N - e N + H )  s i n 4  2 

where 

a 
W 

N = -  

2 w = X - e2 s i n  + I 
between two s tat ions  A and B tAB The f i c t i t i o u s  observations BAB, 

give res iduals 

Differentiation of (18) shows that i f  x, y ,  z are corrected by dx, d y ,  dz ,  

respectively, the n e w  residuals will be 

where 

-16- 



AB s i n  ti cos t r AB 

AB B~ = - fL s i n  6 s i n  t r AB I 
r AB 

AB = - e s i n  t r 

AB B2 = + e cos t r 

The weight mat r ix  of (19) and (20) i s  given by (15).  

equa t ions  

Therefore ,  w e  form 

which can be considered as uncorre la ted  observa t ion  equat ions  wi th  weight S 

of 1. Then t h e  normal equat ions  can be formed and so lved ,  i n  order  t o  

ob ta in  co r rec t ions  dx, dy, dz. 

I n  t h i s  adjustment ,  only t h e  ear th- f ixed  space  d i r e c t i o n s  have been 

used as observed q u a n t i t i e s .  Therefore ,  t he  network cannot be f i x e d  wi th  

respect t o  any abso lu te  ze ro  p o i n t  nor  t o  t h e  scale. 

of a l l  coordinates  are considered t o  be unknown, the  mat r ix  of normal 

equat ions  becomes s i n g u l a r .  I n  fact, one po in t  remains undetermined and, i n  

add i t ion ,  one coord ina te  of some o t h e r  po in t .  

I f  t h e  co r rec t ions  

I n  t h e  p r a c t i c e ,  t h e  scale can be determined from the  e x i s t i n g  ground 

t r i a n g u l a t i o n s  between some s t a t i o n s .  Perhaps,  a l s o ,  t h e  observed d i s t ances  

of satellites from t h e  ground s t a t i o n s  can be  used, w i th  appropr i a t e  
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weights.  

as t ronomical  observa t ions  of l a t i t u d e  and longi tude ,  w i th  appropr i a t e  

grav imet r ic  co r rec t ions  f o r  t he  d e f l e c t i o n  of t h e  v e r t i c a l .  

t h a t  t h e  weights  f o r  a l l  t h e s e  a d d i t i o n a l  observa t ions  are smaller than  those  

f o r  t h e  space  d i r e c t i o n s .  Therefore ,  i t  is  hard ly  f e a s i b l e  t o  inc lude  them 

i n  t h e  main adjustment of t h e  sa tel l i te  network. 

S imi l a r ly ,  t h e  abso lu te  ze ro  p o i n t  can be determined from e x i s t i n g  

It i s  probable 

In t h e  fol lowing adjustments ,  t h e  missing fou r  coord ina tes  are 

determined as fol lows:  The observa t ion  equat ions  (22) are taken i n  mat r ix  

form 

A x + l = v  

bu t  t h e  fou r  coord ina tes  x cannot be determined. Therefore ,  w e  w r i t e  1 

A x + A 2 x 2 + 1 = v  1 1  

and take  f o u r  more equat ions  

T B x + B 2  x 2 = 0  1 1  

from condi t ions  t h a t  t h e  a r i t h m e t i c a l  mean of a l l  ( o r ,  a t  least, t h e  b e s t )  

approximate coord ina tes  and of t h e  s i d e  l eng ths  w i l l  n o t  b e  changed: 

[dxl = [dyl = [dz]  = [xdx + ydy + zdz]  = 0 (26) 

Because B is  a 4 x 4 matrix,  w e  can compute 1 

-1 T 
B2 x2 x1 = -B1 

and (24) becomes 

-1 (A2 - A1 B1 B2) x + 1 v 2 

This  system of equat ions  is no longer  s i n g u l a r .  Therefore ,  denoting: 
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-1 T GT = B1 B2 I 

N 5 A T A  

T u = A  1 

w e  can compute 

and t h e  weight c o e f f i c i e n t s  : 

( Q 2 = N  -1 

F i n a l l y ,  w e  may po in t  out t h a t  t h e  Car tes ian  coord ina tes  (17) are 

needed f o r  t h e  computation of r e s i d u a l s  (18) only.  The observa t ion  equa- 

t i o n s  (19)  and (20) can be w r i t t e n  us ing  t h e  o r i g i n a l  parameters $I, A ,  

and H i n  which purpose i t  is  advisable  t o  in t roduce  temporary d i f f e r e n t i a l s  

dB = (M + H) d$ 

dL = (N + €I) COS $ dX 

2 l - e  2 l - e  
where M = N =  a 

w2 w3 
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For t h e  computation of t h e  c o e f f i c i e n t s  of t h e s e  new observa t ion  equat ions ,  

t h e  fol lowing ma t r ix  formula can be  used: 

Summary 

cos4 C O S X  - s i n 4  cosX - sinX 

cos0 s i n h  - s i n 4  sinX COSX 

s i n 4  cos 4 0 

There are as y e t  no ex tens ive  observed n e t s  which would provide d a t a  

t h a t  could be  used i n  numerical  examples o r  i n  t e s t i n g  t h e  methods 

suggested above. However, I a m  cu r ren t ly  s tudying  a schematic n e t  which 

is a very good approximation of t he  g loba l  sa te l l i t e  network planned f o r  

i n t e r n a t i o n a l  cooperat ion.  I n  b r i e f ,  I computed a n e t  of 20 s p h e r i c a l  

t r i a n g l e s  with 12  corner  p o i n t s  and 30 s i d e s ,  us ing  t h e  well-known proper- 

ties of a r egu la r  icosaeder .  The middle p o i n t s  of each s i d e  were then  

taken as a d d i t i o n a l  corner  p o i n t s .  I n  t h i s  way, a network with 80 

t r i a n g l e s ,  42 s t a t i o n s ,  and 120 s i d e s  w a s  obtained.  I hope t h a t  the  

experiences ob ta inab le  from t h e  computation of such a r e g u l a r  system w i l l  

g ive use fu l  i deas  t o  o t h e r s  f o r  t he  planning of  f u t u r e  computations of 

t h e  networks a c t u a l l y  observed. 
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